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Many-body dynamics of a Bose–Einstein condensate collapsing by quantum tunneling
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The dynamics of a Bose–Einstein condensate of atoms having attractive interactions is studied
using quantum many-body simulations. The collapse of the condensate by quantum tunneling is
numerically demonstrated and the tunneling rate is calculated. The correlation properties of the
quantum many-body state are investigated.
PACS numbers: 03.75.Lm, 03.75.Kk, 67.85.De
I. INTRODUCTION
Attractive interactions between particles destabilize
many-body systems against collapse or aggregation. Ex-
amples include gravitational collapse of a star and nucle-
ation of drops from supercooled water vapor. Owing to
this kind of instability, a dilute Bose gas with attractive
interactions cannot form a stable Bose–Einstein conden-
sate (BEC) in an infinite homogeneous system [1]. In
a finite system, by contrast, quantum pressure arising
from zero-point energies can sustain an attractive force
and a metastable BEC can form [2]. Such a metastable
BEC with attractive interactions was first realized with
trapped 7Li atoms [3]. A metastable BEC becomes un-
stable against collapse when the number of atoms or the
scattering length exceeds a critical value [4]. As a result,
the number of 7Li atoms in the BEC was limited [5].
When atoms are continuously replenished in the BEC,
repeated collapse and growth occur [6–9]. The collapse
can be investigated in a controlled manner by tuning the
interatomic interaction via a Feshbach resonance. The
collapsing dynamics of an 85Rb BEC has been studied
using this technique. The interaction energy is converted
into kinetic energy during the collapse, and atomic bursts
and jets are produced [10–12]. A Feshbach resonance has
also been used to study the amplification of local insta-
bilities [13]. The dynamics of collapsing and exploding
BECs have been theoretically investigated by many re-
searchers [14–27].
A trapped metastable BEC with an attractive inter-
action can collapse by macroscopic quantum tunneling.
The tunneling rate can be estimated from an overlap inte-
gral [28, 29] or a path integral over the semiclassical tra-
jectory [30–33]. However, the dynamics of a BEC collaps-
ing by quantum tunneling have not been studied. The
mean-field approximation, widely used to study BECs,
cannot be applied in this situation, because it neglects
many-body quantum fluctuations and the metastable
state never collapses if the Gross–Pitaevskii equation is
used.
In the present paper, direct quantum many-body sim-
ulations are preformed to investigate the dynamics of
an attractive BEC in a metastable state, and collective
quantum many-body collapse by quantum tunneling is
demonstrated. Owing to the limited computational re-
source, the system is restricted to a few dozen atoms.
The tunneling decay rate is determined for a metastable
BEC, and its dependence on the scattering length and
on the number of atoms is obtained. It is shown that
the quantum state develops into a superposition between
metastable and collapsing states.
The paper is organized as follows. Section II formu-
lates the problem and the numerical methods. Section III
presents the numerical results. Section IV ends with the
conclusions.
II. FORMULATION AND NUMERICAL
METHODS
Consider a system of bosonic atoms of massm confined
in an external potential V (r). The interaction between
atoms is approximated as a contact potential with an s-
wave scattering length a, which is negative for attractive
interactions. The Hamiltonian for the system is
Hˆ =
∫
drψˆ†(r)
[
−
h¯2
2m
∇2 + V (r)
]
ψˆ(r)
+
2πh¯2a
m
∫
drψˆ†2(r)ψˆ2(r), (1)
where the field operator ψˆ(r) annihilates an atom located
at r. For simplicity, an isotropic harmonic trap of fre-
quency ω is used,
V (r) =
1
2
mω2r2, (2)
where r2 = x2 + y2 + z2.
Although the quantum many-body dynamics will be
studied, it is helpful to introduce a mean-field analysis.
The Gross–Pitaevskii (GP) equation for the system de-
scribed by Eq. (1) has the form,
ih¯
∂ψ
∂t
=
[
−
h¯2
2m
∇2 + V (r)
]
ψ +
4πh¯2a(N − 1)
m
|ψ|2ψ,
(3)
where ψ(r, t) is the macroscopic wave function normal-
ized as
∫
|ψ|2dr = 1 and N is the number of atoms. A
metastable stationary wave function ψms(r
2interaction strengths |g| smaller than a critical value |gc|,
g ≡ 4πa(N − 1)
√
mω
h¯
> gc ≃ −7.225, (4)
for an isotropic harmonic trap. When |g| exceeds |gc|, any
wave function eventually collapses. On the other hand,
when |g| < |gc|, the excitation frequencies above state
ψms are real and positive, and therefore ψms is stable
as long as it evolves according Eq. (3). Numerically, a
metastable wave function ψms can be computed using
the imaginary-time propagation method [34], where i on
the left-hand side of Eq. (3) is replaced by −1.
Returning to a quantum many-body analysis, the num-
berM of basis functions must be restricted in the numer-
ical calculations. Cut off the field operator as
ψˆ(r) =
M∑
j=1
aˆjφj(r), (5)
where aˆj is the bosonic operator satisfying [aˆj , aˆ
†
j′ ] = δjj′ .
Using this basis, a many-body state |ψ〉 can be expanded
by Fock states as
|ψ〉 =
∑
n1,··· ,nM
cn1,··· ,nM |n1, · · · , nM 〉, (6)
where
|n1, · · · , nM 〉 =
M∏
j=1
(aˆ†j)
nj√
nj !
|0〉 (7)
with |0〉 being the vacuum state. The summation in
Eq. (6) is over non-negative integers satisfying
M∑
j=1
nj = N. (8)
Choose the basis functions φj(r) in Eq. (5) as follows.
To express the quantum states before collapse, a reason-
able choice of basis function is the metastable state of
the GP equation:
φ1(r) = ψms(r). (9)
To simulate the collapsing dynamics, in which the
state shrinks isotropically, consider functions scaled from
ψms(r) according to
fj(r) = ψms(r/α
j), (10)
where j = 2, · · · ,M with a constant 0 < α < 1. In the
numerical calculations presented next, the value of α is
taken to lie in the range 0.6-0.7. Using Gram–Schmidt
orthonormalization, the other M − 1 basis functions are
φj(r) = Nj
[
fj(r) −
j−1∑
n=0
∫
φ∗n(r)fj(r)dr
]
, (11)
whereNj is a normalization factor. Since the collapse oc-
curs isotropically for the potential of Eq. (2), anisotropic
quantum fluctuations can be neglected and the basis
functions φj(r) can be taken to be isotropic.
Substitution of Eq. (5) into Eq. (1) gives
Hˆ =
M∑
j1,j2
Kj1j2 aˆ
†
j1
aˆj2 +
M∑
j1,j2,j3,j4
Ij1j2j3j4 aˆ
†
j1
a†j2 aˆj3 aˆj4 ,
(12)
where
Kj1j2 =
∫
drφ∗j1(r)
[
−
h¯2
2m
∇2 + V (r)
]
φj2(r), (13)
and
Ij1j2j3j4 =
2πh¯2a
m
∫
drφ∗j1(r)φ
∗
j2 (r)φj3 (r)φj4 (r). (14)
The number of Fock states in Eq. (7) that satisfy Eq. (8)
is
nF(N,M) =
(N +M − 1)!
N !(M − 1)!
. (15)
In terms of the Fock basis, the quantum state in Eq. (6) is
a vector having nF components and the Hamiltonian is an
nF × nF matrix. The many-body Schro¨dinger equation,
ih¯
∂
∂t
|ψ(t)〉 = Hˆ |ψ(t)〉, (16)
then becomes simultaneous differential equations for the
vector of nF components, cn1,··· ,nM (t) in Eq. (6), which
are time-integrated using a fourth-order Runge–Kutta
method. In the numerical calculations, it is convenient
to create a dictionary that provides {nj} given the vector
index ℓ = 1, · · · , nF. To obtain the vector index ℓ from
{nj}, one can use
ℓ = 1 +
M−1∑
k=1
(
N −
∑k
j=1 nj +M − k − 1
M − k
)
. (17)
The initial state is taken to be |N, 0, 0, · · · , 0〉, i.e., all
the atoms occupy wave function ψms(r), which is a good
starting point for the metastable many-body state. To
obtain the decay rate of the metastable state by quan-
tum tunneling, we must identify and eliminate the “col-
lapsed state,” which is the portion of the quantum state
that has collapsed and never returns to the original state.
Since the interaction energy is converted to kinetic energy
during the collapse, it is reasonable to assume that the
collapsed state consists of Fock states with large kinetic
energies. Therefore a non-Hermitian term is added to the
Hamiltonian, such as
− iL
∑
|n1, · · · , nM 〉〈n1, · · · , nM |, (18)
where the summation is taken over states satisfying
M∑
j=1
njKjj > Ethreshold. (19)
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FIG. 1: (color online) (a) Time evolution of 〈ψ(t)|ψ(t)〉 for
1−g/gc = 0.86 (dashed line), 0.9 (solid line), and 0.94 (dotted
line). (b) Tunneling rate Rt as a function of 1− g/gc, where
Rt is obtained from the slope of the lines in (a). The number
of atoms is N = 32 and the number of mode functions is
M = 6.
Take L ∼ 10h¯ω and Ethreshold to be several times larger
than NK11. The results hardly depend on these values,
implying that the collapsed part of the quantum state is
effectively eliminated by this method. If the collapsed
portion is left untreated, it bounces back to the original
state because of the restricted number of basis functions,
and the correct decay rate cannot be obtained.
III. NUMERICAL RESULTS
To demonstrate many-body collapse by quantum tun-
neling, Eq. (16) is numerically solved for a value of the in-
teraction coefficient g near its critical value gc. Since the
critical value for the collapse is ambiguous in a quantum
many-body analysis, the mean-field value gc in Eq. (4) is
adopted as the critical value.
Figure 1(a) plots the time evolution of the norm of the
many-body state in Eq. (6),
〈ψ(t)|ψ(t)〉 =
∑
n1,··· ,nM
|cn1,··· ,nM (t)|
2, (20)
which is unity at t = 0. For ωt <∼ 1, 〈ψ(t)|ψ(t)〉 remains
at unity, because it takes a time for the condensate to
collapse, as observed in experiments [11]. After ωt ∼ 1,
a portion of the quantum state undergoes tunneling and
collapse, and is removed by the non-Hermitian term in
Eq. (18), resulting in the decay of 〈ψ(t)|ψ(t)〉 seen in
Fig. 1(a). For ωt >∼ 10, the fluctuations in the curves in
Fig. 1(a) attenuate and log〈ψ(t)|ψ(t)〉 decreases linearly
in time, indicating that the correct tunneling decay rates
are obtained no matter how the initial states are chosen.
Define the tunneling rate Rt from
〈ψ(t)|ψ(t)〉 ∼ e−Rtt, (21)
obtained from the slope of the lines in Fig. 1(a). Fig-
ure 1(b) shows the tunneling rate Rt as a function of
1− g/gc. The tunneling rate Rt decreases exponentially
with increasing value of 1 − g/gc. However, Fig. 1(b)
does not prove whether the tunneling rate obeys logRt ∝
−(1 − g/gc) [29] or logRt ∝ −(1 − g/gc)5/4 [31, 33]. In
these previous studies, the tunneling rate was calculated
by the semiclassical approximation valid for a large num-
ber of atoms N , whereas the present study only uses a
few dozen atoms.
Figure 2(a) plots the dependence of the tunneling rate
Rt on N , while the value of g in Eq. (4) is fixed at either
0.86gc, 0.9gc, or 0.94gc. The tunneling rate Rt exponen-
tially decreases with increasingN . The slopes of the lines
in Fig. 2(a) are defined as s, i.e.,
Rt ∝ e
sN . (22)
The tunneling rate can be estimated by the overlap inte-
gral between the mean-field wave functions [29],
Rt ∼
∣∣∣∣
∫
ψ∗outside(r)ψms(r)dr
∣∣∣∣
2N
, (23)
where ψms(r) is the metastable wave function and
ψoutside(r) is a wave function outside the barrier against
collapse. It follows from Eqs. (22) and (23) that
es/2 corresponds to the mean-field overlap integral∣∣∫ ψ∗outside(r)ψms(r)dr∣∣. The values of es/2 and the mean-
field overlap integral are plotted in Fig. 2(b). They are
seen to be in reasonable agreement. The open circles
in Fig. 2(b) lie slightly above the filled circles, proba-
bly because there are many paths to collapse other than
ψoutside.
Before analyzing the properties of the many-body
quantum state, consider it qualitatively. Schematically,
the quantum state may be written as
|ψmetastable〉+ |ψcollapsing〉+ |ψcollapsed〉, (24)
where |ψmetastable〉 is a nearly pure condensate having a
Gaussian shape, |ψcollapsing〉 is a state in which the cen-
tral density is increasing, and |ψcollapsed〉 is the state in
which the collapse has advanced and the central den-
sity has become extremely large or an explosion has
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FIG. 2: (color online) (a) Tunneling rate Rt as a function
of the number of atoms N , where g is fixed at value 0.86gc
(triangles), 0.9gc (circles), and 0.94gc (squares). (b) The open
circles plot C = es/2, where s is the slope of the lines in
(a). The filled circles plot the value of the overlap integral∣
∣∫ ψ∗outside(r)ψms(r)dr
∣
∣ from Ref. [29]. The number of mode
functions is M = 6.
occurred. In the present simulation, |ψcollapsed〉 is re-
moved by Eq. (18), because it rapidly decoheres from
|ψmetastable〉 and |ψcollapsing〉 owing to the fragility of the
macroscopic superposition. Thus the quantum state ob-
tained in the present simulation is written as
|ψ〉 ∼ |ψmetastable〉+ |ψcollapsing〉. (25)
Bear in mind that an expectation value is taken with
respect to Eq. (25) in the following discussion, not with
respect to Eq. (24).
Now consider the density and correlation properties
of a quantum many-body state |ψ〉. The solid curve in
Fig. 3(a) plots the expectation value of the atomic den-
sity,
D(r) =
〈ψ|ψˆ†(r)ψˆ(r)|ψ〉
〈ψ|ψ〉
. (26)
The condensate wave function χ(r) is obtained by diag-
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FIG. 3: (color online) (a) Density distribution D(r) from
Eq. (26), density |χ(r)|2 of the condensate wave function from
Eq. (28), and the second-order correlation function g2(r) from
Eq. (29). (b)-(c) Conditional density distribution Dn(rd; r)
from Eq. (30) for (a) rd = 0 and (b) rd = aho. In (c), n =
0, 1, · · · , 5 from top to bottom. In (a)-(c), the parameters are
g/gc = 0.8, N = 32, and M = 6. The state |ψ(t)〉 at ωt = 30
is used.
onalizing the single-particle density matrix,

〈aˆ†1aˆ1〉 · · · 〈aˆ
†
1aˆM 〉
...
. . .
...
〈aˆ†M aˆ1〉 · · · 〈aˆ
†
M aˆM 〉

 . (27)
Using the normalized eigenvector v of this matrix having
the largest eigenvalue, the condensate wave function χ(r)
is written as
χ(r) =
M∑
j=1
vjφj(r). (28)
The density |χ(r)|2 is shown as the dashed curve in
Fig. 3(a), where the condensate fraction is 0.997. For
r/aho <∼ 0.2, the density D(r) deviates from the conden-
sate density |χ(r)|2. The dotted curve in Fig. 3(a) shows
the second-order correlation function
g2(r) =
1
D2(r)
〈ψ|ψˆ†2(r)ψˆ2(r)|ψ〉
〈ψ|ψ〉
, (29)
5which has a sharp peak at the center, where the density
fluctuation is large.
The deviation of D(r) from |χ(r)|2 and the large peak
in g2(r) at the center of the BEC in Fig. 3(a) arise be-
cause the quantum state has the form of Eq. (25). To
verify that, the conditional density distribution after n
atoms are detected at r = rd,
Dn(rd; r) = N〈ψˆ
†n(rd)ψˆ
†(r)ψˆ(r)ψˆn(rd)〉, (30)
is calculated, where N is the factor normalizing∫
Dn(rd; r)dr = 1. For example, for a pure condensate,
Eq. (30) is independent of n and rd: Dn(rd; r) = |χ(r)|2.
Figures 3(a) and 3(b) show Dn(rd; r) for rd = 0 and
rd = aho ≡ [h¯/(mω)]1/2. If an atom is detected at the
center of the trap (rd = 0), the state reduction enhances
the second term in Eq. (25), resulting in an increase in the
central density, as seen in Fig. 3(a). If an atom is detected
at the periphery of the cloud, on the other hand, the sec-
ond term in Eq. (25) reduces, and the density distribution
changes as shown in Fig. 3(b). It can thus be concluded
that the quantum many-body state evolves to a super-
position between a metastable state with a Gaussian-like
density distribution and the small fraction of the collec-
tive collapsing state having a sharp central density.
For 1 < n < N , the distribution Dn(rd = 0; r) has
a sharp central peak similar to the curve for n = 1 in
Fig. 3(a). This fact indicates that the collective collapse
dominates the collapsing dynamics, in which ∼ N atoms
participate in the collapse. If the sharp central peak in
Dn(rd = 0; r) vanished for n >∼ N1, it would be regarded
as a partial collapse [28], in which a cluster of N1 atoms
collapses and N −N1 atoms remain in the Gaussian-like
wave function. However, that does not happen in the
present simulation.
IV. CONCLUSIONS
The quantum many-body dynamics have been inves-
tigated for a BEC with attractive interactions. A nu-
merical method has been developed that is suitable for
simulating the collapsing dynamics. The method was ap-
plied to a system of a few dozen atoms to demonstrate
the collapse of a BEC by quantum tunneling. This re-
sult is the first numerical simulation of a quantum many-
body system collapsing upon itself. Due to the quantum
tunneling, the uncollapsed component decays exponen-
tially (Fig. 1(a)), so that the tunneling rate can be ob-
tained. The tunneling rate decreases exponentially with
an increase in the value of 1 − g/gc (Fig. 1(b)) and of
N (Fig. 2(a)). The tunneling rate is in reasonable agree-
ment with the overlap integral computed between the
mean-field wave functions before and after the tunneling
(Fig. 2(b)). The quantum many-body state develops into
a macroscopic superposition between the uncollapsed and
collapsing states (Fig. 3).
If the number of mode functions can be increased, then
the exploding dynamics can also be studied, revealing the
quantum many-body properties of the burst atoms.
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